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a b s t r a c t
A new lattice Boltzmann approach within the framework of D2Q9 lattice for simulating
shear-thinning non-Newtonian blood flows described by the power-law, Carreau–Yasuda
and Casson rheology models is proposed in this study. The essence of this method
lies in splitting the complete non-Newtonian effect up into two portions: one as the
Newtonian result and the other as an effective external source. This arrangement takes
the advantage in remaining fixed relaxation time during the whole course of numerical
simulation that can avoid the potential numerical instability caused by the relaxation
time approaches to 1/2, an inherent difficulty in the conventional lattice Boltzmann
methods using varying relaxation times for the non-Newtonian effect. Macroscopically,
consistency of the proposed model with the equations of motion for the three target non-
Newtonian models is demonstrated through the technique of Chapman–Enskog multi-
scale expansion. The feasibility and accuracy of the method are examined by comparing
with the analytical solutions of the two-dimensional Poiseuille flows based on the power-
law and Casson models. The results show that the velocity profiles agree very well with
those of analytical solutions and the error analyses demonstrate that the proposed scheme
is with second-order accuracy. The present approach also demonstrates its superiority
over the conventional lattice Boltzmann method in the extent of numerical stability for
simulating the power-law-based shear-thinning flows. The straightforwardness in scheme
derivation and implementation renders the present approach as a potential method for the
complex non-Newtonian flows.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Blood is a complex mixture of cells, proteins, lipoproteins, and other formed elements suspended in plasma. An
understanding of the velocity profile of blood flow and the distribution of wall shear stress in small vessels of the
microcirculation is of vital important for preventing cardiovascular diseases such as atherogenesis, thrombosis and so on
[1,2].
The most important rheological property of blood that influences its motion is the apparent viscosity, which relates
the shear stress to the shear rate. As the shear rate is low (<100 s−1), the major formed elements, red blood cells (RBCs),
aggregate and form rouleaux. Rouleaux aggregations in plasma are responsible for the shear-thinning behavior and are the
main causes of the non-Newtonian behavior of the blood flows [3,4]. The apparent viscosity of a non-Newtonian fluid is
not constant at a given temperature and pressure but a function of the shear rate. There are various non-Newtonian models
developed for characterizing the shear-thinning behavior. In this study, the constitutive equations for characterizing this
rheological behavior based on the three often-used models [5] — the power-law, Casson and Carreau–Yasuda models, are
studied.
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Recently, the lattice Boltzmann method (LBM) has been developed as an alternative for modeling complex flows such as
the turbulence and multiphase flows as well as the flows with deformable particles and fiber suspensions [6]. Several LBM
schemes have been developed for non-Newtonian flows. With its roots in kinetic theory, this method is getting more and
more popular for its simple formulation compared with traditional Navier–Stokes equations solvers and for its high level of
scalability on parallel simulation.
In the literature, researchers have demonstrated several numerical results for non-Newtonian flows based on LBM
simulations. The first work was presented by Aharonov and Rothman [7]. Through adjusting the relaxation time in the
Bhatnagar–Gross–Krook (BGK) approximated collision term to fit its corresponding local viscosity, they demonstrated
the feasibility of solving the power-law modeled non-Newtonian flows using the LBM method. Gabbanelli et al. [8] have
extensively tested the accuracy of the LBM for the cases of shear-thinning and shear-thickening truncated power-law fluids
and found the relative error compared to analytical solutions approximately decayed linearly with the lattice resolution.
They also tested their LBMmethod for the flow in reentrant-flow geometry and found the LBM solutions agreed excellently
with those obtained by the finite-element methods. The suitability of LBM for the non-Newtonian flows was reconfirmed.
More recently, Yoshino et al. proposed an LBM method that could determine the shear-dependent viscosity of the fluid by
a variable parameter [9]. By solving a non-linear algebraic equation connecting the local stress and shear rate, Vikhansky
provided a variant of LBM scheme for the yield-stress liquids [10]. These works further demonstrated the flexibility of LBM
in modeling of the non-Newtonian flows.
Due to its kinetic essence, the LBM allows straightforward calculations of the local shear rate to the second-order
accuracy. It thus has been applied to simulate the non-Newtonian behavior of blood flows. Boyd et al. employed LBM to
analyze the Casson and Carreau–Yasuda non-Newtonian blood models in steady and oscillatory flows [11]. They compared
their results to analogous Newtonian flows and characterized the differences. Ouared and Chopard performed LBM
simulations of blood flows [12]. By implementing a non-Newtonian extension to the standard LBmodel, they demonstrated
their simulation results were in agreement with those answers based on Casson blood-rheology model. Ashrafizaaden
and Bakhshaei compared three non-Newtonian models, Casson rheology model, Carreau–Yasuda model, and K–L model,
for lattice Boltzmann blood flow simulations [13]. Their numerical results showed the predicated velocity profiles agreed
excellently with those of exact solutions. They demonstrated the capability of LBM for the complex blood flows.
Although the suitability of LBM for the non-Newtonian blood flow has been well demonstrated, the algorithms on which
these LBMs based aremainly through instantaneously regulating the local relaxation time in the BGK approximated collision
term to match its corresponding viscosity for reflecting the effect of local rheology variation. This approach, however,
might cause the numerical unstable when the relation time is close to 1/2. Instead of calculating the local viscosity at
each time step, a scheme incorporating the non-Newtonian effect into the momentum equation through an equivalent
forcing effect is proposed in this study. The Chapman–Enskog multi-scale analysis skill is employed to demonstrate that the
proposed scheme is mathematically consistent with the momentum equations for the targeted non-Newtonian behavior of
blood at the macroscopic limit. The present approach takes the advantage on handling the non-Newtonian effect at fixed
relaxation time that can reduce the inherent numerical instability caused by the variation of the relaxation time. Validations
of the present approach are through comparing the results with those of analytical solutions and the scheme capability is
demonstrated by examining the coverage of the accessible Reynolds number.
2. Non-Newtonian fluid models for blood
Unlike the Newtonian fluid, which the coefficient of viscosity is constant at all rate of shear, blood exhibits a non-linear
relationship between the shear stress and the rate of shear strain especially at low shear rate. Thus, as most biological
fluids, blood is often referred as a non-Newtonian fluid. The most commonly employed non-Newtonian fluid models for
describing the shear-thinning characteristics of blood flows are the power-law model, the Carreau–Yasuda model and the
Casson model. The presently developed LBM scheme thus takes them as the three target models for demonstrating the
feasibility of the proposedmethod. Before getting into the LBM scheme, the threemodels are briefly discussed in this section.
2.1. Power-law model
Because of its straightforwardness, the power-law model is very popular for the shear-thinning behavior of blood flow.
The rheological relationship is described as
µ = k(γ˙ )n−1, (1)
where k and n are material properties depending on the fluids to specify. k is referred to as the consistency index, the
bigger the index k is, the larger ‘viscosity’ the fluid reveals. The dimensionless parameter n is a measure of the degree of
non-Newtonian behavior. When n = 1 and k = µ0 the Newtonian fluid is recovered. If n < 1, the fluid is known as the
pseudoplastic or shear-thinning fluid which is characterized by a progressively decreasing apparent viscosity with stain
rate, and if n > 1, it is called as dilatant or shear-thickening fluid whose apparent viscosity enhances progressively with the
increase of the stain rate.
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2.2. Carreau–Yasuda model
This five-parameter model possesses sufficient flexibility to describe a wide range of non-Newtonian fluids and is
commonly used for portraying the shear-thinning behavior of blood. In this model, the apparent viscosity is given by
µ− µ∞
µo − µ∞ = [1+ (λγ˙ )
a] (n−1)a . (2)
where µ0 is the zero-shear-rate viscosity, µ∞ is the infinite-shear-rate viscosity, λ is a time constant, n is the power-law
exponent, and a is a dimensionless parameter that describes the width of the transition region between the zero-shear-rate
region and the power-law region. The inverse of λ, 1
λ
, represents the critical shear rate at which the viscosity begins to
decrease with the shear rate. This model predicts Newtonian fluid behavior with µ = µ0 when either n = 1 or λ = 0 or
both. For blood fluid (n < 1), the Carreau–Yasuda model can describe the shearing-thinning behavior over a wild range of
shear rates. If µ∞ = 0 and a = 2, Eq. (2), Carreau–Yasuda model becomes the Carreau model.
2.3. Casson model
This rheology model is only valid under the conditions of small shear rates and the hematocrit, representing the volume
ratio of the whole blood occupied by the red bold cells, less than 40%, and is described as [4]
µγ˙ =

κ0(c)+ κ1(c)

γ˙ if σ < σy
γ˙ = 0 otherwise, (3)
where σ is the shear stress, κ0(c) and κ1(c) are both determined by the hematocrit c , where κ20 (c) can be interpreted as the
yield stress. Casson model expresses the fact that under the yield stress, σy, there is no strain rate observed, and usually this
model is activated when the hematocrit is larger than 40%.
3. Numerical method
3.1. Lattice Boltzmann method
The lattice Boltzmann method describes a discretized form of the Boltzmann equation through solving the evolution
of the discrete particle distribution functions fi that is defined on a discrete lattice x at time t and connected to its nearest
neighbor in the ith directionwith a discrete velocity ci. In the BGKmodel, collision and streaming are governed by the district
lattice Boltzmann equation for the evolution of distribution functions as
fi(x+ ci, t + 1)− fi(x, t) = −1
τ
[fi(x, t)− f eqi (x, t)] +1tFi, (4)
where τ is the relaxation time and Fi is the discrete forcing term. For a D2Q9 square lattice model shown on Fig. 1(a), the
particle streaming velocity ci are given as
ci =

(0, 0), i = 0
cos

(i− 1)π
4

, sin

(i− 1)π
4

c, i = 1− 4
cos

(i− 1)π
4

, sin

(i− 1)π
4
√
2c, i = 5− 8.
(5)
Here the magnitude of c is determined by the lattice spacing1x and time step1t according toc = 1x
1t .
The equilibrium distribution functions f eqi are determined by the local density, ρ, and the local fluid velocity, u, as
f eqi = ωiρ
[
1+ 1
c2s
ci · u+ 12c4s
(ci · u)2 − 12c2s
u · u
]
, (6)
where cs is the sound speed of the lattice, and ωi is the weighting factors. For D2Q9 lattice, we have cs = 1√3 c and the
weighting factors are given by
ωi =
4/9, i = 0
1/9, i = 1− 4
1/36, i = 5− 8.
(7)
Once the particle distribution functions are specified,macroscopic properties such as density and velocity can be determined
as
ρ =
8−
0
fi =
8−
0
f eqi , (8a)
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L = 2H
Fig. 1. Schematics showing (a) D2Q9 lattice and (b) two-dimensional channel geometry.
and
ρu =
8−
0
cifi =
8−
0
cif
eq
i . (8b)
For LBM, the consistency between the mesoscopic evolution equation and the macroscopic conservation equations can be
determined through the technique of the Chapman–Enskog expression. In this expansion the particle distribution, fi, are
expanded up to second order with respect to the expansion parameter ε as
fi = f eqi + εf (1)i + ε2f (2)i + O(ε3), (9a)
∂t ≈ ∂t(0) + ε∂t(1) , (9b)
and
∂x ≈ ∂x(0) , (9c)
where ε can be seen as the system’s Knudsen number and the continuum limit is achieved as ε is small enough.
Separately grouping terms with the same order together up to O(ε2), Eq. (4) leads to themass andmomentum equations
as
∂tρ + ∂β(ρuβ) = 0, (10)
and
∂t(ρuα)+ ∂βΠαβ = 0. (11)
The momentum flux tensor,Παβ , in Eq. (11) is expressed as
Παβ =
8−
i=0
ciαciβ
[
f eqi +

1+ 1
2τ

f (1)i
]
. (12)
For an incompressible Newtonian fluid with constant viscosity, the momentum flux tensor can be expressed as
Παβ = ρuαuβ − σαβ = −Pδαβ + 2µSαβ + ρuαuβ , (13)
where P and µ represent correspondingly to pressure and dynamic viscosity while σαβ , Sαβ , and δαβ denote to the tensors
of stress, rate of strain and Kronecker delta, respectively. The rate-of-strain tensor is defined as
Sαβ = 12

∂uβ
∂xα
+ ∂uα
∂xβ

. (14)
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Substituting the equilibrium distribution functions, Eq. (6), into Eq. (12), the equilibrium part ofΠαβ is obtained as
8−
i=0
ciαciβ f
eq
i =

1
3
ρ

δαβ + ρuαuβ , (15)
and the non-equilibrium portion is given as
8−
i=0
ciαciβ f
(1)
i = ρτ c2s

∂uβ
∂xα
+ ∂uα
∂xβ

, (16)
at the incompressible limit [14]. The rate-of-strain tensor thus can be expressed as
Sαβ = − 12τ c2s
8−
i=0
ciαciβ f
(1)
i . (17)
Eqs. (13), (15) and (16) show the pressure can be expressed as P = c2s ρ and the kinematic viscosity, ν, is given by
ν = (2τ − 1)c
21t
6
. (18)
The stress tensor is also obtained as
σαβ = −ρc2s δαβ −

1− 1
2τ
 8−
i=0
ciαciβ f
(1)
i . (19)
Through the technique of Chapman–Enskog expansion, Eq. (11) recovers the Navier–Stokes equations at the incompressible
limit
ρ∂t(uβ)+ (ρuα)∂αuβ = −∂βP + 2µ∂αSαβ . (20)
It is note Eq. (17) indicates the rate-of-strain tensor can straightforwardly be calculated from the instantaneous distribution
functions. That can avoid additional numerical errors attributable to taking derivatives with respect to the velocity and is
thus favorable to the non-Newtonian flow calculations where the viscosity usually exhibits a strong dependence on the
velocity gradient.
3.2. Lattice Boltzmann method for shear-rate-dependent viscosity
The shear rate, γ˙ , in the non-Newtonian models depicted in Eqs. (1)–(3) can be obtained from the second invariant of
the rate-of-strain tensor [15] through the expression as
γ˙ = 2D‖, (21)
where D‖ is defined as
D‖ =
l−
α, β=1
SαβSαβ . (22)
The technique to implement the shear-rate-dependent effect of non-Newtonian fluids into the LBM is bridged by Eq. (18)
where the macroscopic fluid viscosity and the microscopic relaxation time are related. Taking the power-law model for
example, the rheology relation in Eq. (1) can be expressed as
µ = k(γ˙ )n−1 = µ0(

2D‖)n−1. (23)
Once the apparent viscosity is determined, the instantaneous and local relaxation times for all lattices are determined.
Evolutions of distribution functions are able to proceed according to Eq. (4).
This approach looks straightforward, there are, however, with potential problems. For the shear-thinning behavior of
blood flow (n < 1), the power-law model shows the apparent viscosity increases with the reduction of the shear rate and
diverges as the shear rate is approaching to zero. A truncated power-lawmodel for LBM [8], with preset limits in maximum
and minimum relaxation times, was thus proposed to avoid this problem. In addition the LBM scheme becomes unstable
when the relaxation time is close to 1/2 and its accuracy is degraded as τ is larger than 1 [16]. In simulations of real flows,
the shear rates vary in a wide range with the spatially and temporally varying velocity fields that frequently lead to the
relaxation times tending to the unstable regions. Thus, for simulations of complex flows, such as the flow with a complex
geometry, an additional iteration constraint is usually imposed [17].
To avoid the potential problems may caused by the varying relaxation times, an approach by splitting the whole non-
Newtonian viscous force up into a Newtonian viscous force and an external force is proposed. Subsequently in Section 3.3,
the details are presented.
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3.3. Forcing term approach for non-Newtonian effect
For a viscous fluid, part of its motion energy is dissipated due to the dynamic irreversibility of internal friction that
leads to a variation in internal energy. This effect influences on the fluid motion through viscosity in the momentum flux
tensorΠαβ expressed in Eq. (13), where σαβ represents the shear stress tensor of the incompressible fluid and is defined as
σαβ = −Pδαβ + 2µSαβ . Instead of calculating the local shear-dependent viscosity at each time step, the scheme on which
most approaches base, in this study we propose to incorporate the non-Newtonian effect into the momentum equation
through an equivalent forcing effect. Since the Newtonian fluid can be regarded as a special case of a general non-Newtonian
fluid, most non-Newtonian models are able to converge to the Newtonian one at their Newtonian limits [15]. Thus, a non-
Newtonian model usually consists of a Newtonian portion and an additional part that is responsible for the additional non-
Newtonian effect. Taking the power-law model for example, the shear stress tensor can be organized as the following form
σαβ = −Pδαβ + 2µ0Sαβ + 2µ0[(γ˙ )n−1 − 1]Sαβ , (24)
where the first two terms on the right hand side correspond to the Newtonian portion while the last term can be regarded
as for the additional non-Newtonian effect.
Therefore, Eq. (20) becomes
ρ∂t(uβ)+ (ρuα)∂αuβ = −∂βP + 2µ0∂αSαβ + Fnn, (25)
where Fnn represents a forcing term that takes care of the non-Newtonian effect and can be implemented into the LBM
evolution equation, Eq. (4), by assigning the discrete forcing term Fi as [18]
F nni =

1− 1t
2τ

wi
[
ci − u
c2s
+ (ci · u)
c4s
· ci
]
Fnn. (26)
This expression indicates the equivalent non-Newtonian forcing term for the power-law model is
F nni =

2− 1t
τ

µ0[(

2D‖)n−1 − 1]wi
[
ci − u
c2s
+ (ci · u)
c4s
· ci
]
∂αSαβ . (27)
Here Sαβ are calculated based on Eq. (17) and D‖ are determined through Eq. (22). The first derivatives of the rate-of-strain
tensor, ∂αSαβ , are obtained by the expression of
∂αSαβ = 161x
8−
i=0
ciαSαβ(x+ ci1x). (28)
Through analyzing using the Taylor series expansion, this expression can be demonstrated with the second-order accuracy.
Similarly, the corresponding forcing terms for the Carreau–Yasuda and Casson models can be respectively derived as
F nni =

2− 1t
τ

(µ0 − µ∞){[1+ (λ

2D‖)2] (n−1)2 − 1}wi
[
ci − u
c2s
+ (ci · u)
c4s
· ci
]
∂αSαβ , (29)
where µ∞ and a are 0 and 2, respectively, for the Carreau model. Thus, F nni can be expressed as
F nni =

2− 1t
τ

µ0
 τ0
2D‖
+

ητ0
2D‖
 1
2
+ η − µ0
wi [ ci − uc2s + (ci · u)c4s · ci
]
∂αSαβ . (30)
Through this arrangement, a non-Newtonian flowcan essentially be processed as aNewtonian flow. That is, the relaxation
time can be fixed throughout thewhole course of the LBM simulation that is capable to avoid the potential problems induced
by the varying relaxation time. Consequently, a more stable scheme can be achieved.
We compared two LBM schemes: one was based on the conventional approach where the variations of local viscosities
were implemented directly into the relaxation times through Eq. (18); and, the other was the present scheme where the
whole non-Newtonian effectwas split into a Newtonian viscous portion and a corresponding external force effect. Hereafter,
we refer to the first approach as Method I and the second one as Method II, respectively.
4. Results and discussion
4.1. Power-law model
To verify the suitability and accuracy of Method II, a benchmark, two-dimensional flow through a straight channel with
width of 2H as shown on Fig. 1(b), is considered first for which the analytical solutions based on the power-law model can
be derived for comparisons. The flow was driven by a constant pressure gradient along the x direction. Periodic boundary
conditions were applied at both inlet and outlet of the channel and the no-slip velocities were implemented on the two
parallel plates [19]. Except for those especially specified, the computational results presented here were performed on a
domain consisting of 31× 101 uniform D2Q9 lattices.
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Fig. 2. Comparisons of velocity profiles for the power-law flows in two parallel plates with the exponents of n = 2, 1, and 0.5. The Reynolds number is at
RePL = 100. Dot points are the simulation solutions and the solid lines are the analytical solutions.
The fluid viscosity µ0, defined by Eq. (23), was set to be 0.067 and three values of the power-law exponent, n = 0.5, 1
and 2 for respectively covering the shear-thinning, Newtonian, and shear-thickening flow regions, were demonstrated. The
relaxation time τ was set to be 0.64265. For the blood flow based on the power law, the value of n was taken to be 0.708.
Here, to make the shear-thinning characteristics more noticeable, the value of n down to 0.5 was verified.
The analytical solution for a power-law-based two-dimensional Poiseuille flow driven by a constant pressure gradient G
in the x direction can be obtained as
u(y) =

n
n+ 1

G
µ0

[|H| n+1n − (H − y) n+1n ]. (31)
Fig. 2 shows the comparisons between the calculated and the analytical solutions for the three cases n = 0.5, 1 and 2. The
velocity profiles were compared and the velocities here were normalized by the maximum velocity at the center of the
channel. It was found that both solutions agreed very well with each other. These comparisons demonstrate, in addition to
the Newtonian flow regime, the proposed LBM scheme is feasible to the power-law flows in both the shear-thinning and
shear-thickening regimes.
Then we examined the accuracy of the proposed LBM by running a series of simulations in which the number of lattice
nodes in the direction of the channel width, y, was increased from 21 to 101. The accuracy was based on comparing the LBM
results to the analytical results and the simulations were run until the convergence criterion−
i,j
|uLBMi,j (t)− uLBMi,j (t − 1)| < 1× 10−8, (32)
was satisfied. The error was defined according to
Error =
2H−
j=0
1
2H
 u¯anali,j − u¯LBMi,ju¯anali,j
 , (33)
where u¯anali,j =
uanali,j
max(uanali,j )
and u¯LBMi,j =
uLBMi,j
max(uLBMi,j )
. The boundary conditions in the x direction were set to be periodic, the steady-
state velocity profile was independent on x. For the error calculation, i was fixed 51. Fig. 3 shows the calculated errors as a
function of the number of lattice nodes across the channel, in the y direction, for two power-law fluids with the exponents
of n = 0.5 and 0.708, respectively, at power-law Reynolds number, to be defined later in Eq. (34), of 100. The solid and
dash lines represented lines with slope−1 and−2 indicating the first-order and second-order behaviors, respectively. For
the case n = 0.5, the error decreased as the node number was increased and eventually reached 0.1%. It can be seen that
the obtained points distributed in close parallel to the dash line. Thus, the present proposed LBM scheme possesses the
second-order accuracy. As the value of nwas increased to 0.708 for the blood, the same trend could be observed again and,
compared to n = 0.5, all the corresponding errors were reduced. This indicated that larger errors occur for smaller n values.
The similar trend was demonstrated in the literature [8,13,20].
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Fig. 3. Numerical error as a function of number of lattice nodes for the Poiseuille flows described by the power-law model with the exponents of n = 0.5
and 0.708. The Reynolds number is RePL = 100. The solid and dash lines represent the general trends of 1/N (slope−1) and 1/N2 (slope−2), respectively.
Table 1
Table showing number of time steps to reach convergence for the two methods at various
Reynolds numbers.
In a viscous flow, the Reynolds number, indicating the ratio of flow inertia effect to viscous effect, is an important
parameter for specifying the disorder degree of a flow. The higher the Reynolds number becomes, the more disorder the
flow field is, i.e. the more difficulty it can be computed. Thus, the maximum accessible Reynolds number usually can be
regarded as an indicator of the capability of a numerical scheme. Reynolds number for a power-law-based flow, RePL, can be
defined as
RePL = uL
µ0
= G(2H)
3
8µ0
, (34)
where L is the characteristic length of the flow system and was denoted as the width of the straight channel, L = 2H , for the
present cases.
To examine the capability of the present proposed scheme, we performed a series of calculations for comparing the two
approaches, Method I and Method II, on the above-mentioned 2D benchmark configuration, with 101× 51 uniform lattices
in the computational domain for the power-law fluidwith the exponent n = 0.5, by adjusting the Reynolds number. Besides
the maximum accessible Reynolds number, the number of time steps to reach the convergence criteria for the twomethods
were compared.
Number of time steps to reach the convergent, steady-state solutions for these two methods are listed in Table 1. As the
Reynolds number was 10, there was no difference in the numbers of time steps to reach the preset convergence criterion.
When the value of RePL was increased to 100, the difference was observable and that became clearer as RePL was enhanced
to 200. As the value of RePL was kept increased, results showed that maximum accessible Reynolds number for Method I
was around RePL = 253, after that Method I was no longer able to meet the desired convergence criterion and even became
divergent as RePL was larger than 350. Themaximumaccessible Reynolds number forMethod II could, however, be extended
to 607. As the Reynolds number was increased, the velocity deviation was intensified that resulted in enlarging the range
of shear rate variation. This implied the scope of the relaxation time variation was broadened and the difficulty for LBM to
converge was enhanced. For the shear-thinning flows with small n values, this effect became even more manifest because
the assumption of small Knudsen numbers required for the Chapman–Enskog expansion is no longer valid [21]. These results
well demonstrated that the present approach is not only feasible to the power-law flow but also relatively more stable than
the conventional LBM approach.
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Fig. 4. Comparison of velocity profiles of the flow in two parallel plates between the power-law model with the exponent of n = 0.708 and the
Carreau–Yasuda model with the parameters a = 2 and n = 0.3568. Both flows are at Reynolds number of 100, i.e. RePL = ReC−Y = 100.
4.2. Carreau–Yasuda and Casson models
For the non-Newtonian blood flow modeled by the Carreau–Yasuda model, there is no analytical solution available. The
feasibility of the proposed scheme for this model was demonstrated through comparing the numerical solutions with the
corresponding power-law flow. Based on Shibeshi and Collin’s results [5], the parameters for the Carreau–Yasuda blood
fluid could be set as, referring to the rheology relation shown Eq. (2), a = 2 and n = 0.3568 that corresponded to the
situation of power-law blood with the exponent n = 0.708. Fig. 4 shows the comparison of the two velocity profiles based
on the two models for the benchmarked 2D Poiseuille flow. Reynolds number was set to be RePL = ReC−Y = 100. Here
ReC−Y represented the Reynolds number for the Carreau–Yasuda model and it was defined as ReC−Y = umaxLρµ0 . The density
and the relaxation time for blood were set to be ρ = 1060 kg/m3 and τ = 0.64265, respectively. It is observed that the
shown two velocity profiles agreed very well with each other. When the lattice size was refined, the proposed LBM scheme
again demonstrated the error decreased as the number of lattices was increased, the similar trend as that for the power-law
model was revealed. These results indicated the proposed LBM scheme is applicable to the Carreau–Yasuda blood flow as
well.
Eq. (2) indicates, for the shear-thinning behavior of blood, as the shear rate of the Carreau–Yasuda flow tends to either
side of its end limit, γ˙ → 0 or γ˙ →∞, the flow reduces correspondingly to the Newtonian flow with the viscosity ofµ0 or
µ∞. Fig. 5 shows the LBM results for the variation of the viscosity as a function of shear rate. The shear-thinning behavior
described by the Carreau–Yasudamodel was clearly obtained. Besides, the characteristics of the two transition regions, from
the shear-thinning region to both Newtonian flow limits, were correctly demonstrated.
The parameters for the Casson model were set based on the Ashrafizaaden and Bakhshaei’s study [13] and they were
taken to be κ0(c) = 0.07048 [
√
Pa] and κ1(c) = 0.06384 [
√
Pa · s] for the blood. Again the benchmark 2D Poiseuille flow,
with Reynolds number of 100 and the relaxation time τ for blood of 0.64265 were calculated. Here Reynolds number was
defined as ReC = umaxLρ
κ21
. Fig. 6 shows there was an excellent agreement with the analytical solution [13]. Again the accuracy
of the proposed LBMwas examined by running a series of simulations in which the number of lattice nodes in the direction
of the channel width was increased from 21 to 101 and the error was calculated by Eq. (33). The Reynolds number was also
set to be 100. Fig. 7 shows the error of the proposed LBMmodel decreased as the node number was increased with accuracy
of the second order.
The Casson model possesses the characteristics: the viscosity increases with the decrease of the shear rate and tends to
infinity at the limit of zero shear rate, limγ˙→0 µ(γ˙ )→∞; and, on the other hand, the viscosity decreaseswith the shear rate
and the flow is transiting to Newtonian one when the shear rate is large enough. Fig. 8 demonstrates these characteristics
were all well retrieved using the present proposed LBM scheme.
5. Conclusions
A new lattice Boltzmann scheme for simulating two-dimensional non-Newtonian blood flows described by the power-
law, Carreau–Yasuda and Casson modeled was developed. Unlike the conventional LBM approach where the variation of
local shear rate is directly related to the relaxation time in the BGK approximated collision term, this study proposes an
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Fig. 5. Comparison of the shear-dependent viscosity between the Carreau–Yasuda model and the LBM results. Two transition regions in between the
shear-thinning non-Newtonian regime and the two Newtonian regimes on both sides are observed.
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Fig. 6. Comparisons of velocity profiles between the LBM results and the analytical solutions. The flow is in two parallel plates and described by the Casson
model with the parameters of κ0(c) = 0.07048(
√
Pa) and κ1(c) = 0.06384(
√
Pa · s). The Reynolds number is at ReC = 100.
approach by incorporating the non-Newtonian effect into the momentum equation as an equivalent forcing effect. This
arrangement takes the advantage of remaining the relaxation time fixed that can avoid the numerical instability as the
relaxation time is close to 1/2.
To verify the feasibility and accuracy of the proposed scheme, a series of simulations for the shear-thinning bloods, based
on the three target models, flowing in a two-dimensional channel due to a constant pressure gradient were performed.
Results showed the obtained velocity profiles were in excellent agreement with those of analytical solutions. It was also
demonstrated that the errors compared to analytical solutions decayed approximately as 1/N2 as the number of the lattices
was increased that thus revealed the proposed scheme is with the second order of accuracy. When comparing with the
conventional LB scheme through simulating the power-law-based non-Newtonian flows, the present proposed scheme
showed its merits in numerical stability especially at higher Reynolds numbers. This approach is straightforward and can
easily be extended further to three-dimensional complex non-Newtonian flows based on various rheology models.
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Fig. 7. Numerical error as a function of number of lattice nodes for the Poiseuille flow described by the Casson model with the parameters of κ0(c) =
0.07048(
√
Pa) and κ1(c) = 0.06384(
√
Pa · s). The Reynolds number is ReC = 100. The solid and dash lines represent the general trends of 1/N (slope−1)
and 1/N2 (slope−2), respectively.
Fig. 8. Comparison of the shear-dependent viscosity between the Casson model and the LBM results. The parameters for the Casson model are κ0(c) =
0.07048(
√
Pa) and κ1(c) = 0.06384(
√
Pa · s) and the Reynolds number is ReC = 100.
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